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B pa6ore npeacrasBsieH MeToL
MoJsIy4eHUs1 CUCTEMbI JIMHEHHbIX
ypaBHEeHUI, ONUCbIBaIOLL el KOHEeYHbIN
3J1IeMEeHT B CTepP>)KHeBOW cucreme.

lpu peweHnn ncnosib3yetTcs
uHTerpasbHoe npeobpa3oBaHue Pypbe
1 06061 EHHbIE PyHKUNN. TPaHNYHbIE
ycs10BUs1 Ha KOHL[aX KOHEe4YHOro
a/1eMeHTa onpeaensioTcs N3 TeopeMbl
BuHnepa—Ilann-LUsapua. lMpumeHeHne
mMeToza npuv pacyére 6as104HbIX,
BaHTOBbIX N 9KCTPaLfO03HbIX MOCTOB
nosBoJsiseT 3agaBarb JIl0Oble BUAbI
Harpy3ok 6e3 3aMeHbl X KaKUMU-JInbo
3KBUBaJIEHTHbIMU.

KnioyeBbie cioBa: MOCT, MpoJsIETHOE
CTPOEHUE, Xene300eTOHHasl KOHCTPYKLMS,
MeTOo/ KOHEeYHbIX 3/71eMEHTOB, 0000LLEHHbIE
QyHKUMK, AndpepeHumnanbHoOe ypaBHEHNE
6asiky TUMOLLIEHKO, MHTErpasibHoe
npeobpasoBaHne dypwe, Teopema
Bunepa-[llann-LliBapua.
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BOTPOCHI TEGP

NpMeHeHne MHTerpanbHoOro
npeobpasoBaHng Pypbe
npu pacyeTe KOHCTPYKUUU

Kocaypoe Apmém Ilemposeuy — acnupanm kagedpsl
«Mocmbl u monneau» Mocko8ckoeo eocyoapcmeeHH020
YHusepcumema nymeti coooujenuss (MUHUT), Mockaa,
Poccus.

OCOJIIOTHOE OOJIBIIMHCTBO PACUETOB

0aJIOUHBIX, BAHTOBBIX M 9KCTPATIO3HBIX

MOCTOB IPOU3BOJUTCS C UCMOJIb30BA-
HHUEeM MeToJa KOHEUHBIX 3JieMeHTOB (MKD).
Metona 3TOT OCHOBaH Ha pa30UEHUU PaCcCUU-
TBIBAEMOI KOHCTPYKIIMY Ha HEKOTOPOE YU CIIO
MaJTbIX, HO KOHEYHBIX 10 pa3MepaM 3JIeMeH-
TOB — KOHEUYHBIX 2jieMeHTOB (KD) u 3aMeHe
nuddepeHIIMaTbHBIX YPaBHEHWI, OTIMCHIBA-
IOIIMX €€ HampssKeHHO-Ie(GopMUpoBaHHOE
COCTOSIHME CUCTEeMO ajaredbpanyeckux Ju-
HEWHBIX yPABHEHUIA.

Hecmotpst Ha cBOM IMPOKUE BO3ZMOXHO-
ctu, MKD obnagaet psiioM He10CTaTKoOB |1,
c. 39]:

1) Ang xaXaoro KOHEYHOTO 3JIeMEHTa
HY>KHO COCTaBJISITh CBOIO MaTPUILy KECTKOCTH.

2) PacnipenenieHHbIe HArpy3KW HEOOXOIM -
MO 3aMEHSITh 9KBUBAJIECHTHBIMU 0000IIIEHHBI -
MM y3JIOBBIMU CUJTAMMU.

3) CocpenoToyeHHbIe CUIIbI HY>KHO TIPU-
KJIambIBaTh B y3Jax.

4) ITpuxoauTcs MpOBOAUTH TOMOJHUTEb-
HbIEe pacyYETHI IS TTOTYYEHUST 3HAUCHUI 13-
ru0OaroIIero MOMeHTa 1 TTOTIEpeYHON CUJTBI Ha
rpaHUIIaX KOHEYHOTO 2JIEMEHTA.

5) HeoGxonumo pazouBaTh KOHCTPYKIIUAIO
Ha MeJIKMe KOHEYHBIe 2JIEMEHTHI C IIeJIbIO
obecrieyeHNsI TOUHOCTU pacyeTa.



B ciyuae, ecim paccuMThIBaeMylO KOH-
CTPYKIIMIO MOXHO 3aMEHUTh CTEPKHEBOM
CUCTEeMOM, TaHHbIE HEOCTATKN MOKHO yCTpa-
HUTH. [7151 3TOTO ClleayeT MOTy4YUTh CUCTEMY
JIMHEMHBIX YpaBHEHUH, OMMCHIBAIOIIIYIO KO-
HEUYHBII 2JIEMEHT, PU TTOMOIIIM UHTETPasIb-
Horo npeodpazoBaHus Pypbe, GUHUTHBIX
00001IeHHBIX GYHKIMA [4, 6] U TeopeMbl
Bunepa—Ilanu—lIBapua. IToapodbHoCcTHU
MeTojJla TIpeJCTaBJeHbl B JUCCEPTALIUN
E. H. Kyp6aukoro [5].

B cBoeii pabote E. H. Kypbaukuit ucrosb-
30BaJl METOJI IPU TTOCTPOSHUU KOHEUYHOTO
aJIeMeHTa JIUIsT 0aJTK1 Ha YITPYTOM OCHOBaHUU
0e3 yuéTa MpoJ0JbHOM CUJIbI U MOTIEPEYHOTO
C/IBUTA.

B crarbe paccMoOTpeH TIpuMep HaXoXue-
HUSI TUTIOBOTO KOHEYHOTO 3JIeMEeHTa XKeJIe30-
OETOHHOI OAJIKU MPOJIETHOTO CTPOSHUS MO-
cTa:

— C Y4ETOM TIPOJIOJIGHOM CYITBI 1 BITUSTHUST
C/IBUTA;

— 0€e3 yuéTa NMpoA0JbHOM! CUJIBI.

l.

TTomyanm cuctemMy ypaBHEHUIA, OTTMCHIBA-
IOLYI0 KOHEUHBI 3JIEMEHT, M300pakeHHbIN
Ha puc. 1. Jlyig 3Toro He0o0XO0AUMO UCITOIb30-
BaTh uddepeHmaibHoe YpaBHEHUE OanKu
TumoIIeHKO, KOTOPOE YYUTHIBACT BIUSTHUE
MPOIOJbHON CUJIBI U CABUTA Ha TIporuo [S]:

4 2 3
B Ty X p PO

dx* ' dx? GA  dx’ "’
rae G — MoayJb nedopmaliuu;

A — miomaab MOMepeyHoro CeYeHusl;

k — 6e3pa3zmepHbIil KOA(pDULIMEHT, 3aBU-
CAUIMiA OT (hOPMBI MOMEPEYHOTO ceueHus [7].
s IpsIMOYTOJIBHOTO CEYEHMUSI:

_12+11w

T 10(1+0)

VpaBHeHue (1) cnenyer npeacTaBUTh B Hu-
HUTHBIX 00001IEHHBIX PYHKUMSX. JIJ151 3TOTr0
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Puc. 1.
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zanuuieM GyHkiuo nporubda u GyHKIUIO
MOTEPEYHOM CUJIBI:
U(x) =u(x)[H)-Hx-D;
0(x)=0(x)[H(x)-H(x-1)],
rae H(x) — dbynkuus Xesucaiiaa.
Torna ypaBHeHue (1) mpuHUMAET ciienyo-
wuii BuA [2, 3]:
d‘v d’v
+P
dx* ' dx?
+P, d—zl;[H(x)—H(x—l)]—
dx
a0,
dx3
—0(x)6(x=1)+ M(x)5'(x)— M(x)S'(x-1)+
+EI§(x)8"(x)— EI(x)S"(x - 1)+
+Elu(x)6"(x)— Elu(x)6"(x - 1) +
+P(P(x)5(x) = p(x)o(x — 1)+
+u(x)8'(x) —u(x)8'(x — 1)) - ®)
—EIn(Q(x)6"(x)—0(x)8"(x 1)+
+0'(x)0"(x) - Q'(x)5"(x = 1)),

)
C))

d‘u

El = EIIH ()~ Hx D]+

—EIn"25[H(x)— H(x )]+ 0(x)5(x)

=, 6
rie #=— (6)

B ypaBHeHMU (5) UCIOJIB3YETCSI CBOMCTBO
JiebTa-(QyHKIMK:

[ 7()8(x=dx = 1) (7)

BosneiicTBue npenHanpsiraeMoit apmaTy-
pbI Ha OaJIKy TIPE/ICTaBUM B BUIE U3TUOAIOIIINX
MOMEHTOB M, TIPUJIOKEHHBIX B TOUKE OOPHIBA
apMaTtypbl ¥ TIPOJOJIbHOM CXXUMAIOIIE cu-
sl P.

0O003HauYMM MpaByIo YacTh ypaBHeHUs (5),
MpeAcTaBJISIONIYI0 cO00i 0000IIEeHHYI0 Ha-

(1), a = K7, Torza:
rpysky S(x), a =K', Torna:

4
e [4]+Kl.2
dx

d’U  S(x)
T = : ®)
dx EI
I[Mpumenum mpeobpaszoBanue Dypobe
K 00€UM YacTIM ypaBHEHUS:

tldu . dU | 7 5(x) i
_-[o|:dx4 +K W:|2 dx=:[oﬂe dx. (9)
[Momyunm [2]:
; S)
U 4 —K2 2 _ 2\ 1
(§211% vl T (10)
rne U (v) — uzo6pakenue Oypbe GyHKLIUM

U(x);
S (v) — uzobpaxkenue @ypbe 00001EHHOI
Harpy3ku S(x);
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v — mapameTp npeoodpaszopanus Oypee.

Jns cocTaBiieHUsI CUCTEMBI YpaBHEHU
paccMaTpruBaeMOro HaMu KOHEYHOTO SJIEMEH -
Ta Hago HaiTu m3obpaxkeHue Dypre 0000-
IIEHHOM Harpy3K# |2, 3]:

Sm=q—
+0(0) - Q(l)e’“’ + M(©0)(=iv)— M(I)(=iv)e™ +
+ELH(0)(=iv)* — EI(1)(=iv)*e” + Elu(0)(—iv)’ -
—Elu(l)(—iv) e + P($(0)— g(l)e™ +

+u(0)(—=iv) —u(l) (=iv)e™ ) — nEI(Q(I)v*e™ — QY

IVXZ

)+ Fe™ +m(—iv)e

_Q(O)VZ +qlv(elv1 _elvlu )+_lv(e1v(x,+a) _elvl(x, a))).
a

ITockosbKy B JTaHHOM METOJIC YYUTHIBACT-
csl BIUSIHWE CIBUTA, TO COCPENOTOYEHHBIE
CWJIBI CJIEIyeT NPEACTaBUTb paCIpeAeIeHHbI-
MU Harpy3KaMu, JeHCTBYIOIIMMU B OKPECT-
HOCTSIX TOUYEK TIPUJTIOKEHUS COOTBETCTBYIO-
LIMX COCPEOTOUEHHbIX CUJI. JTMHY y4acTKOB
TIPUHUMAIOT PaBHOI TTOJIOBUHE BHICOTHI CeUe-
HUS OaJIKU HA JAHHOM Y4yacTke. DTO HeoOXo-
JIMMO JeJIaTh TOJIbKO B TOM CJ1araeMoM ypaB-
HeHus (11), KoTopoe oTBeuaeT 3a y4€T ciBUTa
noJ AeMCTBUEM COCPEIOTOYEHHOMN CUJIBI,
a UMEHHO:

iv(x +a)

Eiv(e My (12)

a

W3 ypaBuenwus (10) momyanm:
1 S
EI Vv — K>V~
Teopema Bunepa—Ilanmu—IlIBapua o
00001IeHHBIX (PYHKIMI MO3BOJISIET HAUTHU
HEU3BECTHBIE, MMOCKOIbKY, COTJIAaCHO €il,
dyukuus U (v) momkHa ObITh LIEJOH U, clie-
JIOBaTeIbHO, YMCIUTENh, TIPEACTABISIONINI
co0o¥i cyMMy LieJIbIX (PYHKIIMIA, OyIeT comep-
KaTb B ce0e HyJIM 3HameHaTess [4, 6].
J1OJKHBI BBITIOJTHSITHCS YCTIOBUST:

Uv)= (13)

S(v)=0,j=13,4; (14)

S’ (v)=0,j=2, (15)

TIIe V, — KOPHY BBIPAXCHUS

vi— K2 =0. (16)
Haiinem a3t kopHu (puc. 2):

T 0,v,=K,v,=-K. (17)

IMoncrapnsis HaliiecHHbIE KOPHU B YpaBHE-
Hue (11), mosydyum cuctemMy, COCTOSIIIYIO U3
YEThIPEX YPAaBHEHUI U OMUCHIBAIOILYIO OJUH
KOHEUYHBII 2JIeMEHT, U300paxXeHHbBI Ha
puc. 1:

Cl,l Cl,2 Cl,3 Cl,4 CI,S CI,G C1,7 Cl,8
CZ,I C2,2 C2,3 C2,4 CZ,S C2,6 C2,7 C2,8 .
C3,1 C3 2 C3 3 C3 4 C3,5 C3 6 C3 7 C3 8
C4,1 C4,2 C4,3 C4,4 C4,5 C4,6 C4,7 C4,s
[ 0(0) ]
o)
M(O) Gl,l Gl,z G1,3 q
M) G, G, G, . (18)
X =— F|;
¢(0) G31 G3,2 G33 m
¢(l) G4,l G4,2 G4,3
u(0)
ON
C, =1+nEN;
C,,=2nEly,
C,=—e" —nElvie"
C,= tle’”’ —2nElv,e" —nEIv;ile"
Cl,3 =—iv
Cy=—i
C, =ive"

C,, =ie" —Ive"

C,\=—EI' +P

C,;=-2Elv

C¢=EN’e" — Pe"

C,s =2EIve" + ENV’ile" — Pile"

C., = Eliv’ - Piv

C.,=3Eliv’ - Pi

C .y =—Eliv’e" + Pive"

C s =-3Eliv’e" + EIV’e" + Pie" — Plve"

vl _ zle

G, = ( Y+ nEliv(e™ —e™)

vl v, vl i
et —e™  ile"™ —ile"™ 1
G, =i Tl + (19)
’ v v

+nEl(ie" —Ive” —ie™ +1ve™)

_ i
G ,=e"

_ X,
G,, =ixe™
G, =—ive™

G,, =—ie"™ +vx,e™

Paznuuune Mexxmy mepBbIM, TPETHUM U YT~
BEPTBHIM YPaBHEHUSIMU COCTOMT TOJIHKO B MHO-
KUTEJIE V..

ITockonbKy KOpHU v, , BCeIa PaBHBI HYJIIO,
TO HaZ0 BMECTO MHOXMUTEJS IPU ( 3aIIUChI-

® MWP TPAHCIMOPTA, Tom 14, N2 3, C. 50-58 (2016)

Kocaypoe A. . [puMmeHeHne UHTerpanbHOro npeoopasoraHns Pypbe Npu pacyeéTe KOHCTPYKLUUNA



Bath (20) 115 mepBoro ypaBHeHus U (21) — st
BTOPOTO:

vl IV/O

lim(@——)=q(l-1)) ; (20)
vl vl vl vl
e e 2e _qi ile™ —ile )=
v—0 v v
AN
=Ji(———). 21
qi( 5 2) @1

Takum oOGpa3zoM, cucTemMa YpaBHEHU,
OIMUCHIBAIOIIAST OJMH KOHEUYHBIN 2JIEMEHT,
MMeeT BUIL:

CU=-GN. (22)

CpaBHUM pe3yJibTaThl pacuéra 0ajlKku,
MOJTyYeHHBIE C UCTIOJIb30BAHUEM ITPOTPAMM -
Horo koMmIuiekca Midas Civil, u faHHOro
MeTona. B kauecTBe mpuMepa pacCMOTPUM
JKeJIe300€TOHHYIO MTpeHAIPATaeMYI0 6Ky
IJIMHOK 50 M MPSIMOYTOJILHOTO CEYEeHUS
2x0,3 M Ha BYX OTIOpax, 3arPy>KeHHYI0 pac-
npeaeIeHHOW Harpy3Koi MHTEHCUBHOCTBIO
q = I1/M 1 cocpegoToueHHOU cmioir F =
10 T, npuaoXeHHOU Ha paccTogHUU X1 =
0,25L ot kpas 6anku.

Ha puc. 3 ocbh opauHaT COOTBETCTBYET
PAacXOXIEHUI0 B pacuy€Tax, BHIPAXKECHHOMY
B MPOILIEHTaX, a 0Ch abcuucc — YyCUTUIO
B TIPOJIOJIBHOM TIpeIHATIPSATaEMOIi apMarype,
BBIpakeHHOMY B TOHHax. B ciyuae, ecin
nporud Gaaku CTPEeMUTCS K HYJIO, pacxo-
JKIEHWE IOCTUTAET 3HAYNTETbHBIX BEJTUIMH.
Ha rpaguke 3T0 BUIHO Ha ydyacTKe, Tae
nponoabHasa cuia 325 T. OgHako ciaeayeT
YUUTBIBAThH, YTO BO BCEX OCTATLHBIX CTyJasiX,
koraa rmporud cocrapisier u = L/2500+L/400,
pacxoxJIeHue oKa3blBaeTcs He OoJiee mojy-
MPOILIEHTA, YTO TTO3BOJISIET MTOTYYaTh TOUHBIE
peleHus TIpY pacuy€Te peaibHbIX KOHCTPYK-

5,00 -
0,00 —

| m(v)

Re(v)

Puc. 2.

nuit. KpoMme Toro, ciemyeT oTMETHTb, 9TO
pacxoXIeHUEe B M3THMOAIOIIeM MOMEHTE
M TIOTICPEUYHOM CHIIE TIPH JTIOOBIX 3HAYCHUSIX
MIPOJOJBHOM CHIIBI TaeT OIMMUOKY MeHee
IIPOIICHTA.

Il.

Korma HeT HeOGXOAMMOCTHU YYUTHIBATh
MIPOIOJIbHYIO CHJIY, CUCTEMA YPABHEHMIA ITPU-
HUMAaeT 3HAaYUTEIbHO 00Jiee IIPOCTOI BUI.

JnddepeHImaabHOe ypaBHEHHE ITPOrnda
OanKu:

d'u d3Q
El—-= —EI 2
pxC g(x)+ ™ (23)
ITocne Hp606pa3OBaHI/I$I Dypbe oTyInuM:
S
e 1==2 24)
~ 1 S(v)
UWy)y=——;
) EI v* (25)
vi=0. (26)

H3zoopaxenne Oypbe 0000IICHHON Ha-
rpy3ku (27):

-5,00
-10,00 -
-15,00 -
-20,00 -
-25,00 +
-30,00 +
-35,00 -
-40,00 -
-45,00 -

L/2500
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T
700 500 400N\350 325 300|275 250

230 215 200 190 160 130 100 |50 O

Prm——1

L/400
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1 4 0 0 0 0 0 0
0 9 - i 0 0 0 0
c= X (30)
MEl PP-2nEI 0 -2 —2EI 2EI 0 0
0 i’—6nEll 0 -3’ 0 6Elil 6Eli —6Eli
(1-1,) 10
N ) .
(-2 x, i
( 5 2) |
O LBy anEracl) —x 2
3 3 0 1 2 31)
. —14 g . 2 2 -3 )
1(T + Z) =3inEI(I'-1;) -ix; 3ix,
S‘(v)=q(em._1)+ Fe™ 1 m(-iv)e™ + HEU3MEHHa U BCeX KOHEYHBIX 2JIEMEHTOB
1A%

+0(0) - 0()e™ + M(0)(—iv)— M(I)(~iv)e™ +
+EIH0)(=iv) — EI$(I)(~iv)’e" +

+EIu(0)(=iv)* — Elu(l)(=iv)’e” —nEI(Q()v*e™ — 27
—Q(0)W +giv(e™ -1)).

Haiinem KOpHM ypaBHEHUS:
v =0. (28)

1234
I[OJ'DKHI)I BBITTIOJTHATBHCA YCIIOBUA:

S)=0, 8,)=0, S(v,)=0, S(v,)=0. (29)

Matpuubl C u G npuHUMAIOT CAEAYIOLIM I
Buz: (30), (31).

JlaHHast MoJieJTb yTOOHA ITPEsKIIe BCETO TeM,
YTO HET HAIOOHOCTH KaK/IbIi pa3 IMOJACTABIISTh
B Matpuubl C 1 G 3HaueHUsT oo 0, kak
B cucteMme ypaBHeHwuii (18). [TpenmyinecTBoM
MOJIEJIN SIBJISIETCST ¥ TO, yTo MaTpuiia C mojy-

yaeTcst pa3peKeHHOM.

BbiBOAbl

1.ITpyuMeHeHUe MOJYIEHHBIX CUCTEM
YpaBHEHMUI IIPH pacuyéTe OaTOUHBIX, BAHTOBBIX
1 9KCTPATO3HBIX MOCTOB ITO3BOJISICT 3a1aBaTh
JII0ObIE BUIIbI HAIPYy30K 0€3 HeOOXOAUMOCTU
3aMEHBI UX SKBUBAJICHTHBIMU Harpy3KaMHu.

2.Wcrnonib3yeMblii MEeTOJ He TpeOyeT 10-
TTOJTHUTEJIFHOTO pa30MeHNsT KOHCTPYKIIMY Ha
KOHEYHBIC 3JIEMEHTHI C LIEJIbIO TTOJTydeHUS
TOYHOTO peIIeHUs B cllydae, eCIi MOMEHT
WHEPLNU TTOCTOSTHEH.

3.Matpuna C — 3KBUBaJIEHT MaTPHUILbI
KECTKOCTH B METOJC KOHEUHBIX 3JIEMEHTOB

B cllyyae, KOIjia HeT MpOI0JbHOI Harpy3Ku.
Ecnu xe ee y4€T HE0OXOAUM, TO B MaTPUILY
HYXHO TIOJICTAaBUTh 3HAUEHUs HaWAEHHBIX
KOpHEe# ypaBHEHUs

; ;
Vl,2 =0,V3 = E,V“ =— E

4.B MeTo/e MOCTPOCHMUST CUCTEMbI JIMHE-
HBIX YpaBHEHU I, OpPUCHTUPOBAHHOI HA KOHEU -
HBIi1 3JIEMEHT B CTEPXKHEBOM CHCTEME, 32 HEU3-
BECTHbIC MMPUHUMAIOTCS TIepEMEILIEHUE, YTOJ
MOBOPOTA CEYECHUSI, U3TUOAIOIINA MOMEHT
U TIOTepeYHasi Cujla Ha KOHIIAX KOHEUYHOTO
aJIeMeHTa. DTO MO3BOJISIET Cpa3y HANTH TOUHOE
3HAaYEHUE JaHHBIX [TEPEMEHHBIX 6€3 HEOOXOIU -
MOCTH MPOBEICHUST JOMOTHUTEIBHBIX PACUETOB.
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USE OF FOURIER INTEGRAL TRANSFORM IN CALCULATION OF STRUCTURES

Kosaurov, Artem P., Moscow State University of Railway Engineering (MIIT), Moscow, Russia.

ABSTRACT

This paper presents a method to obtain a
system of linear equations describing a final
elementin the frame structure. In solution process
integral Fourier transform and generalized
functions are used. The boundary conditions at the

ends of the finite element are determined by the
theorem of Paley-Wiener—Schwartz. Application
of the method for calculation of beam, cable-
stayed bridges and extradosed bridges allows to
set all kinds of loads without replacing them with
any equivalent.

Keywords: bridge, superstructure, reinforced concrete structure, finite element method, generalized
functions, differential equation of Timoshenko beam, integral Fourier transform, theorem of Paley—Wiener—

Schwartz.

Background. The vast majority of calculations of
beam, cable-stayed and extradosed bridges are
performed using the finite element method (FEM).
This method is based on decomposition of a
calculated design into a number of small but finite in
size elements - finite element (FE) and replacement
of differential equations describing its stress-strain
state with a system of linear algebraic equations.

Despite its broad capacities, FEM has a number
of disadvantages [1, p. 39]:

1) For each of a final element it is necessary to
constitute a matrix of rigidity.

2) Distribution of the load must be replaced by
equivalent generalized nodal forces.

3) Concentrated forces should be applied at the
nodes.

4) It is necessary to carry out additional
calculations to obtain the values of a bending moment
and shear forces on the borders of the finite element.

5) It is necessary to divide the design into small
finite elements in order to ensure calculation
accuracy.

If a calculated design can be replaced by a frame
system, these disadvantages can be eliminated. To do
this, it is necessary to get a system of linear equations
describing the finite element, using integral Fourier
transform, finite generalized functions [4, 6] and theorem
of Paley-Wiener—Schwartz. Details of the method are
presented in the thesis of E. N. Kurbatsky [5].

In his work, E. N. Kurbatsky used the method in
construction of finite element for a beam on an elastic
foundation without taking into account longitudinal
force and transverse shear.

The article describes an example of finding the
model finite element of reinforced concrete beam of
bridge superstructure:

— Taking into account longitudinal and shear
forces impact;

— Without taking into account longitudinal forces.

Objective. The objective of the author is to
consider use of Fourier integral transform in calculation
of structures.

Methods. The author uses general scientific and
engineering methods, mathematical apparatus,
graph construction, analysis.

Results.

l.

We obtain a system of equations describing the
finite element shown in Pic. 1. To do this, we use the
differential equation of Timoshenko beam, which
takes into account the effect of longitudinal and shear
forces on the deflection [5]:

d*u du k
B2 pE o+ X B
R SRy

d3Qx
dx* '

(1)

where G is deformation module;
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Pic. 2.

A is area of cross-section;

k is dimensionless coefficient that depends in the
shape of cross-section [7]. For a rectangular cross-
section:

12+11v

= . 2

10(1+v) (2

The equation (1) should be represented in finite
generalized functions. To do this, we write the
deflection function and the function of lateral force:
U(x) = u(x)[H(x)-H(x-1)]; (3)
0(x)=0(x)[H(x)- H(x -], (4)

where H(x) is Heaviside function.
Then the equation (1) gets the following form
[2, 3]:

d'U dv d*u
Bl g b g = Bl el H (0=

—H(x—l)]+E%[H(X)—H(x—l)]—

—Eln d;% [H(x)—H(x—-1)]+0(x)5(x)—

—0(x)8(x =)+ M(x)5'(x)— M(x)5'(x—1)+
+EIH(x)5"(x)— EI§(x)0"(x—1)+

+Elu(x)6"(x)— Elu(x)8"(x - 1)+

+P(P(x)o(x) - p(x)o(x - ) +

+u(x)S'(x)—u(x)s'(x -1))— (5)
—EIn(Q(x)6"(x)—0(x)8"(x = 1)+

+0'(x)3'(x) - Q'(x)'(x — 1)),

k
n=—,
where GA (6)
In the equation (5) the feature of delta-function is

used:

f S(X)S(x =n)dx = f(1) . (7)
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The impact of prestressing reinforcement on the
beam can be represented in the form of bending
moments m, applied at the breakage of armature and
longitudinal compressive force P.

Let’s denote the right side of the equation (5),

P
which is a generalized load §(x), and .- = K}, then:

d‘v ,dU  S(x)
+K; ==
dx* "dx* EI (8)
Let’s apply Fourier transform to both sides of the
equation:

T d4U dzU ivx R S(x) ivx
L[dx4+1(2dx2} dx=;[Fe dx . (9)
We get [2]:
S)

7 4 2.2
U -KH7] i (10)
where U(v) is Fourier image of function U(x);

S (v) is Fourier image of generalized load S(x);

v is parameter of Fourier transform.

For preparation of the system of equations of the
finite element we considered it is necessary to find
Fourier image of generalized load [2, 3]:

ivl

el e ivly

Y+ Fe™ +m(—iv)e™ +

S0 =a—
+0(0)— 0(De™ + M(0)(—iv)— M(I)(=iv)e” +
FEIHO)(=iv)? — EL§() (=iv)e” +

+EIu(0)(—iv)’ — Elu(l)(—iv) e" +

+P(H(0) - p(D)e™ +

+u(0)(—=iv) —u(l)(=iv)e™ ) — nEI(Q(I)v?e™ — (11)

NPT F. il
_Q(O)v2 +qlv(elv1 _elvl(,)+_lv(e1v(xl+a) _elvl(xl a))).
a

Hence this method takes into account the impact
of the shift, the concentrated forces should be
represented as distributed load acting in the vicinity
of the application points of respective concentrated
forces. The length of the sections is taken equal to
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half the height of the beam cross-section at the site. - _{, ,Ep?
This must be done only in the term of equation (11), = &
which is responsible for the account of shiftunderthe ~ C,, =2nEly;

action of concentrated forces, namely: C. ——e" _nE [vz vl
) . C,, =—ile” —=2nElv.e" —nEN’ile™
Eiv(elv(xl-m) _elvl(xl—a)) ) (12) 22 ) J J
a Cy=-iv
Cz,s =—i
From the equation ( 10) we get: o
C,=ive
~ 1 S C,, =ie" —lve™
U =E4(7K)22 : (13) 24
RSl Cs= —-EN' +P

Theorem of Paley-Wiener-Schwartz for C.. = 2E
generalized functions allows to find the unknown,
because, according to it, U(v) function must be  C,, = ElVe" — Pe"
integral and, consequently, the numerator is the sum ' ol 2wl par il
of integral functions that will contain the zeros of the ~ Cas = 2EIve™ + EIV'ile™ — Pile

denominator [4, 6]. R
_ The following conditions must be met: Gy = Eliv - Piv
S(v)=0,j=134; (14)  C,=3Eliv*~Pi
S(V) 0,j=2, (15) _ 3wl .
where v, IS is roots of the expression Ciy =—Eliv'e” + Pive
V- K? (16) C s =—3Eliv’e" + Elly’¢" + Pie" — Plve"
Let’s find these roots (Pic. 2): b _ o
v172=0, v, =K, v,=-K. (17) G, =(e )+ nEliv(e" — ey
Substituting these roots in the equation (11), we ’ iv
obtain a system consisting of four equations and et —ehile™ — il g™
describing one final element shown in Pic. 1: G, =i R . + (19)
- il Wl e ivly vy
Cl,l C‘1,2 C1,3 Cl,4 CI,S Cl,6 Cl,7 CI,S +nEI(l_e _lve e * love )
G, Cz,z C2,3 C2,4 Cz,s Cz,s C2,7 Cz,s y lez =€ I_
C3,l C},Z C3 3] C3,4 C3,5 C3,6 C3,7 C3,8 GZ,Z = i‘xlewxl
C4,| C4,2 C4,3 C4,4 C4,5 C4,6 C4,7 C4,s Gl,3 =—ive™
[ 0(0) ] G,y =—ie" +vx,e™
o0 The difference between the first, third and fourth
M(0) G, G, G, equations is only the multiplier v,
M) G, G, G, q Since roots v, , are always zero it is necessary
o |~ e e @ F|; (18)  instead of the multlpller at q to write (20) for the first
Z(l) GM G“ G3 SNom equation and (21) - for the second:
4,1 42 43 ivI
u(0) hm(q ) q(l-1y) ; (20)
u(l) J vl ivl vl 2 2
- . et —e™  le —il,e"™ [ §
li —gi(-—2y
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Thus, the system of equations describing a finite
element has the form:

CU=-GN. (22)

Let’s compare the results of the calculation of the
beam obtained using Midas Civil software system and
the method. As an example, we consider a prestressing
reinforced concrete beam 50 m long of rectangular
cross-section 2x0,3 m on two supports, loaded with
distributed load with intensity q = 1t / m and a
concentrated force F= 10 t, applied at distance x1 =
0,25L from the edge of the beam.

In Pic. 3 vertical axis corresponds to a discrepancy
in the calculation, expressed as a percentage, and
the horizontal axis — longitudinal force in the
prestressing reinforcement, expressed in tonnes. If
the deflection of the beam tends to zero, the
difference reaches significant values. In the graph it
can be seen at the site where the longitudinal force is
325 tons. However, itis necessary to take into account
that in all other cases, when the deflectionisu =L/
2500 + L / 400, the difference is not more than-half
per cent that allows to obtain exact solutions in the
calculation of real structures. In addition, it should be
noted that the difference in bending moment and
shear force at any value of the longitudinal force gives
an error of less than one percent.

l.

When there is no need to consider the longitudinal
force, the system of equations takes a much simpler
form.

The differential equation of the deflection of the
beam:

d'u d’0,

E]@ q(x )+G7E[ et (23)
After Fourier transform we get:

d1=3 W, (24)

()=~ SV(”), (25)

vi=0. (26)
Fourier image of generalized load:

50y =gl 1 Fem 4 m(civ)e™ +0(0)

—0()e™ + M(0)(=iv) — M(I)(—iv)e™ +

+EI§(0)(=iv)* — EIg(1)(=iv)*e™ +

+EIu(0)(-iv)* — Elu(l)(-iv)*e™ — (27)

—nELQ()ve™ — Q0N +giv(e™ —1)).

Let’s find roots of the equation:
V,254=0 (28)
The foIIow:ng equatlons should be met:

S(v,) 0, S(vz) 0, S(v3) 0, S(v4) 0. (29)
Matrices C and G get the following form:
1 -1 0 0 0 0 0 0
o i - i 0 o o o | (30)
“|2mEl PP-20EI 0 21 2EI 2EI 0 [
0 i’-6nELl 0 -3i> 0 GEll 6Eli —-6Eli

(-1, 10
2 2
1(1— L ) A

(31)

_ 3
(T’Jr%) —2nEI(1-1,) -x} 2x,

N 2 aeeen
I(T+Z)_3mE1 "=1y) —ix; 3ix;

This model is useful primarily because there is no
need each time to substitute in the matrices C and G
valuesv, , ., = 0, as in the system of equations (18).
The advantage ofthe model is the fact that the matrix
C is tenuous.

Conclusion.

1. The application of the systems of equations
when calculating beam, cable-stayed bridges and
extradosed bridges allows to set any type of load
without a need to replace them with equivalent loads.

2. The applied method does not require additional
partition of structure into finite elements in order to
obtain an exact solution when the moment of inertia
is constant.

3. Matrix C is the equivalent of stiffness matrix in
finite element method is unchanged for all finite
elements in a case where there is no longitudinal load.
If its account is required, in the matrix should be
substituted the values of obtained roots of the
equation

(2 P
0,vy=,|—L,v, = .
EI EI

4. In the method of constructing a system of linear
equations, focused on a finite element in the frame
system, for unknown are taken displacement, rotation
angle of the cross section, bending moment and shear
force at the ends of the finite element. This allows to
immediately find the exact value of these variables
without the need for additional calculations.
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